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1. Introduction: Fararo-Kosaka model of class identification
In this paper, we explore a mechanism for generating a class identification process. We use the con-
cept of “class identification” in the following sense. In empirical studies based on social surveys, class
identification is often defined operationally as an answer to the question ‘If we were to divide the en-
tire society into several levels, which level would you say you belong to?’ We treat the respondents’
answer to this question as their self-location in society. For example, in a Social Stratification and Mo-
bility survey, the response categories for the question of class identification are ‘upper, upper middle,
lower middle, upper lower, and lower lower.’ Empirical studies of class identification mainly focus on
specifying its social and economic determinants. Such studies have demonstrated historical changes af-
fecting social status such as household and individual income, education, occupation, gender, and age
based on class identification (Shirahase 2010). These empirical studies provide basic assumptions for
making an abstract model.
There are many empirical studies of class identification based on statistical analysis whereas few
theoretical studies attempt to explain a mechanism for generating a class identification process. For-
malization studies are likely to explain a mechanism by making a model rather than describing histori-
cal changes in the determinants of class identification. The model of the image of stratification formal-
ized by Fararo and Kosaka is one of the most significant studies in the field of social stratification be-
cause the model attempts to explain how individual actors located in the structure of any given social
system acquire a stable image of the structure, which varies with location, and how the actors locate
themselves within their structural image. The Fararo-Kosaka model (hereafter, FK model) explicitly
formalized the process whereby people compare their social status with others to build an image of so-
cial stratification where they could locate their class identity based on a subjective image of stratifica-
tion. The FK model has many interesting implications and it successfully explains the magnification of
middle class identification (Kosaka 2006; Fararo and Kosaka 2003). Many studies have attempted to
develop the FK model further (Shirakura and Yosano 1991; Yosano 1996; Ishida 2003, 2005; Karpin-
ski 2009; Maeda 2011).
The FK model assumes that each dimension of social status, such as education, income, and occu-
pation, has an internal rank and that the ranges of ranks are equal among dimensions. Suppose that r1,
r2, ..., rn are the maximum values of numbers in the ranks of each dimension. For example r1 is the
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maximum value in ranks of the first dimension, r2 is that of the second dimension, and so on. The FK
model assumes that r1＝r2＝・・・＝rn for all dimensions. This assumption implies that if education is
measured using five ranks, then other dimension of social status, for example income, should be also
divided into five categories. The number of ranks in each dimension directly has an effect on the posi-
tion of self-location in a society. Therefore, the assumption of rank homogeneity may be too strong.
However, few studies have explored the implications when the rank homogeneity assumption is re-
laxed from both theoretical and empirical perspectives. In this paper, we generalize the rank homoge-
neity assumption and show that the empirical validity of the model will be improved by this generali-
zation. In other words, we attempt to generalize the FK model theoretically and empirically.
The remainder of this paper is organized as follows. In section 2, we apply Lyapounov’s central
limit theorem to the FK model to generalize the condition of the marginal distribution of social status
and we prove that the main proposition of the FK model still holds when each dimension of social
status obeys a non-identical discrete uniform distribution with different ranges. In section 3, we further
generalize the FK model by applying the central limit theorem and we show that the distribution of
standardized class identification asymptotically obeys the normal distribution, if each distribution of
the dimensions has a finite mean and variance, and the maximum value of ranks and the dimensions
are independent of each other. In section 4, we test the empirical validity of the generalized FK model
by checking the correlation between the theoretical predictions of class identification from the FK
model and observed data of class identification in an SSM survey. In section 5, we summarize the re-
sults of the mathematical analysis and empirical test.
2. Non-identical discrete uniform distribution model
Definition (a set of profiles of social status). Social stratification consists of n dimensions and each
dimension has an internal rank. The rank in each dimension is given by a natural number. For the ith
dimension, {1, 2, ..., ri} is as a set of ranks. ri indicates the highest rank of the ith dimension. A set of
profiles of social status is expressed as direct products of the sets of ranks. We call this S and it is ex-
plicitly given by
S＝{1, 2, ..., r1}×{1, 2, ..., r2}×・・・×{1, 2, ..., rn}.
Individual social status profiles are defined as a point (x1, x2, ..., xn)∈S . Generally, the ranges of ranks
for dimensions are different from each other. We allow cases such as ri≠rj. Conversely, if the special
condition r1＝r2＝・・・＝rn is satisfied, the definition of a set of social status profiles corresponds to
that of the FK model.
For example, suppose there are two dimensions such as education and wealth. The first dimension
has three ranks (low, middle, and high) while the second dimension has two ranks (poor and rich). A
set of profile of social status is then,
S＝{1, 2, 3}×{1, 2}＝{(1, 1), (1, 2), (2, 1), (2, 2), (3, 1), (3, 2)}.
Individual social status profiles are (1, 1), (1, 2), (2, 1), (2, 2), (3, 1) and (3, 2).
The FK model assumes that actors are stratified along a number of salient dimensions and that the
― ２４ ― 社 会 学 部 紀 要 第114号
dimensions of stratification are themselves ordered relative to their importance. Therefore, it is possi-
ble to combine positions occupied by the actors in each dimension to arrive at a single ordering of the
members of the system. In the FK model, the ordering is defined using the lexicographic order (Fararo
and Kosaka 2003; Karpinski 2009). According to this rule, if person p occupies a higher position than
person o in the most socially significant dimension, then p is higher than o in the overall ordering, re-
gardless of the positions they occupy in the remaining dimensions of stratification. Thus, if p and o
are status-equals with respect to the first dimension, but o is higher along the second one, then o is
also higher in the overall ordering of positions. For example, suppose that there is a society with struc-
ture S＝{1, 2, 3}×{1, 2} and the first dimension is more important than the second dimension.
Suppose that the magnitude of numbers corresponds to the order of rank (larger number indicates high
status). The lexicographic order determines the rank of profiles as follows; (3, 2)  (3, 1)  (2, 2) 
(2, 1)  (1, 2)  (1, 1).
Corollary 1 (rank of class identification). Suppose that the focal actor has profile (x1, x2, ..., xn). The




This equation indicates the rank of class identification from the bottom.
Proof. The proof of this corollary is almost trivial because we can use the result of a previous study
(Kosaka 2006). Let (x1, x2, ..., xn) be the profile of the focal actor. In the first dimension, the number
of cases where the ranks of other are smaller than the focal actor’s rank is x1－1. The number of cases
where the ranks of others are equal to the focal actor’s rank in the first dimension and the ranks of
others are smaller than the focal actor’s rank in second dimension are x2－1. Similarly, the number of
cases where the ranks of others are equal to the focal actor’s rank from first dimension to n－1th di-
mension and ranks of others are smaller than the focal actor’s rank in the nth dimension are xn－1.
Therefore, all possible patterns where the ranks of other profiles are below the focal actor’s profile is 
n
i＝1 (xi－1). The focal actor’s subjective class identification from the bottom is  ni＝1 (xi－1). We ob-
tain  
n
i＝1 (xi－1)＋1＝ ni＝1 xi－n＋1＝ ni＝1 xi－(n－1)
Proposition 1 (probability function of class identification). Suppose that the rank of each dimension is
represented using non-identical and independent discrete uniform distributions. The probability that an
actor’s class identification becomes x is
Pr{X＝x}＝( nΠi＝1ri)−1β x
where






















In the above equation #A indicates the number of elements in set A .
Proof. Class identification of profile y＝(y1, y2, ..., yn) in S is
n 
i＝1
yi－(n－1). Let this value be x.
There are several profiles whose class identification becomes x. The number of patterns can be repre-
sented by












The number of patterns where the class identification becomes x is expressed by (1), and each pattern
is mutually exclusive. Thus,
Pr{X＝x}＝( nΠi＝1ri)−1 β x .
Figure 1 shows the distributions of class identification generated by the probability function in
Proposition 1. In Figure 1, 8×2 means that the number of ranks in the first dimension is 8 and the
number of ranks in second dimension is 2. Similarly, 8×2×3 means that 8 is the number of ranks in
first dimension, 2 is that in the second dimension, and 3 is that in the third dimension.
In terms of probability theory, we then have to specify the distribution of class identification de-
rived from the FK model where the range of ranks for each dimension is different from each other.
Let, Xi be a discrete random variable and 1, 2, ..., ri be its values. We can define a new random





The class identification distribution is specified by identifying a probability function Pr{Sn＝j}＝f (j) .
Yosano (1996) proved the very important proposition that the class identification distribution obeys
the normal distribution when a random variable in each dimension independently obeys an identical
uniform distribution. The rank homogeneity assumption, i.e., the identical distribution assumption,
Figure 1 Distribution of class identification. Numbers at the bottom of the graph indicate the rank of each
dimension. The distribution is computed given the condition that there is only one person in each
profile.
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means that education, income, and occupation are subject to identical distribution with the same range.
We know that the formalization approach often uses such strong assumptions to simplify a model
while the strong assumption itself has no problem. However, if we can relax the strong assumptions
without any loss of generality, this will expand the universality of the theory. Moreover, we can ex-
pect to improve empirical validity of the model by this generalization.
We will show that, even when a random variable in each dimension obeys a non-identical and inde-
pendent uniform distribution, the class identification also obeys a normal distribution. In order to test
this proposition, we use the following general theorem of the probability theory.
Theorem 2 (Lyapounov’s central limit theorem). Suppose that {Xj} is a sequence of independent
random variables and each random variable has a mean of E (Xj)＝μ j and a variance V (Xj)＝σ j2.
Suppose that Bn＝
 







E [ |Xj－μ j|2＋δ ]＝0
holds. Then,
Yn＝((X1－μ 1)＋(X2－μ 2)＋・・・＋(Xn－μ n)) /Bn
obeys a standard normal distribution N (0, 1).
Proof. Details are given in Billingsley (1986).
Note that, in Theorem 2 the components of the random variable sequence {Xj} are not necessarily
identical. It is enough that the mean and variance hold the condition of 2＋δ th order moment. We re-
fer to this as Lyapounov’s condition.
Proposition 3. Suppose that a set of social status profiles is expressed as the direct product of sets of
ranks, S＝{1, 2, ..., r1}×{1, 2, ..., r2}×・・・×{1, 2, ..., rn}. When a random variable in each di-
mension obeys a non-identical and independent uniform distribution, the standardized class identifica-
tion distribution obeys a standard normal distribution N (0, 1) if n is sufficiently large.
Proof. Let Xj be a random variable in a discrete uniform distribution of the jth dimension. The values
of Xj are 1, 2, ..., rj . Let K＞0 be the maximum number of ranks in all dimension. Thus, for all j ,
max
j
(rj)＝K . For all j , an absolute third order moment of Xj satisfies













K |i－μ j|2 1
rj
＝Kσ j2 .
We use the following relation |i－μ j|＜K for all i (i＝1, 2, ..., rj). Based on the inequality with re-






























E [ |Xj－μ j|3 ]























E [ |Xj－μ j|3 ]＝0
This implies that, for δ＝1, Lyapounov’s condition is satisfied. Therefore,
Yn＝((X1－μ 1)＋(X2－μ 2)＋・・・＋(Xn－μ n)) /Bn
obeys a standard normal distribution N (0, 1). As shown, the class identification is given by
Y＝X1＋X2＋・・・＋Xn－(n－1) .
If we standardize Y as Yn＝{Y＋(n－1)－
n 
i＝1
μ i} /Bn, Yn obeys a standard normal distribution N (0, 1)
based on the central limit theorem.
Using the following corollary, we can specify the class identification distribution.
Corollary 2. When a random variable in each dimension independently obeys a non-identical uniform
distribution, the non-standardized class identification distribution obeys an approximately normal dis-
tribution with a mean (
n 
j＝1




12 , if n is sufficiently large.




Because Yn obeys a standard normal distribution, X1＋X2＋・・・＋Xn obeys a normal distribution. When
Xj obeys a discrete uniform distribution with the range [1, rj], its variance is V (Xj)＝rj2 /12. There-
fore, the variance of X1＋X2＋・・・＋Xn will be the variance of Yn times Bn2 .





Therefore, X1＋X2＋・・・＋Xn obeys a normal distribution,
N (( n j＝1 μ j ), n j＝1 rj212 ).
Subtracting constant, X1＋X2＋・・・＋Xn－(n－1) obeys a normal distribution,
N (( n j＝1 μ j )－(n－1), n j＝1 rj212 ).
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Figure 2 shows an example of this corollary.
3. General model
Note that Proposition 3 and Corollary 2 hold only when a random variable in each dimension inde-
pendently obeys a uniform distribution. This condition is not usually satisfied in the real world. How-
ever, when Lyapounov’s condition holds we obtain a normal distribution as a class identity distribu-
tion. Thus, we do not have to assume a uniform distribution in order to derive a normal class identity
distribution from the FK model.
Proposition 4. Suppose that a set of social status profiles is expressed as a direct product of sets of
ranks, S＝{1, 2, ..., r1}×{1, 2, ..., r2}×・・・×{1, 2, ..., rn}. When random variables from each di-
mension are independent of each other, they have a finite mean E (Xj)＝μ j and a variance V (Xj)＝σ j2,
respectively. If lim
n→∞
σ 12＋σ 22＋・・・＋σ n2＝∞ holds, then the standardized class identification distribu-
tion obeys a standard normal distribution N (0, 1), if n is sufficiently large.
Proof. Let Xj be a random variable in the ith dimension. The values of Xj are 1, 2, ..., rj . Let K＞0 be
a maximum number of ranks in all dimension and fj (x) be a probability function of Xj . For all j , the
absolute third order moment of Xj satisfies
E [ |Xj－μ j|3 ]＝ rj 
i＝1
|i－μ j| 3 fj (i)  rj 
i＝1
K |i－μ j|2 fj (i)＝Kσ j2 .
Based on a similar logic to the proof of Proposition 3, we have
─────────────────────────────────────────────────────
１）More accurately, the line indicates the plot of a probability density function for a normal distribution with the mean
( 5j＝1 μ j )－4 and the variance ( 5j＝1 rj2 /12 ) .
Figure 2 Plot of a discrete probability function and a continuous probability density
function of a class identification distribution, which is theoretically specified where
r1＝3, r2＝4, r3＝2, r4＝6, r5＝5. Points on the graph correspond to the values of the
probability function while the curved line corresponds to a plot of the probability den-
sity function1).
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μ i}/ Bn, Yn obeys a standard normal distribution N (0, 1) based on
the central limit theorem.
Proposition 4 has a very strong and general implication for the FK model. Whenever each social status
dimension has a finite mean and variance (this is a quite natural assumption), the class identification
distribution obeys a normal distribution if the number of dimensions is sufficiently large. This is very
important because Proposition 4 allows us to assume any empirical distribution for each dimension of
social stratification. As Figure 2 shows, four or five dimensions are enough for approximation by a
normal distribution, although the number of dimensions n should be infinitely large in theory. It is im-
portant for us to reconsider the assumption of the independence of random variables in dimensions. It
is well known that the dimensions of social status are correlated with each other. For example, educa-
tion and income have a positive correlation while occupational prestige score and income also have a
positive correlation. These correlations may affect the fitness of data.
4. Empirical validity of the generalized FK model
In this section, we test the empirical validity of the FK model based on the results from the previ-
ous section. We used Social Stratification and Mobility Survey (SSM) data from 1955 to 2005. For
time-series comparisons, we used only the male date set. The procedure of the empirical test was as
follows.
First, we defined the range of ranks in each dimension. Dimensions such as education are easy to
fix the number of ranks because it is naturally divided into finite categories. In order to compare data
in time-series, we used three categories for education. The codes were: 1: elementary and junior high
school level; 2: high school level; and 3: university and higher level. In contrast, it is not easy to fix
the number of ranks for dimensions such as income and occupation because they do not have natural
distinctive points for categorization. Therefore, we used different numbers of ranks experimentally.
According to previous research, we know that people often view occupation as four or five categories
(Shiotani 2010). We used 3 to 8 ranks for occupation. The ranks are computed based on the occupa-
tional prestige score of the SSM survey. Incomes were measured using various scales in each survey
period. For example, a 10 point scale was used in 1955, a continuous scale in 1965, and a 30 point
scale in the 1995 and 2005 surveys. Therefore, we used 5 to 30 ranks for dividing the income range.
Second, the theoretical class identification prediction was computed as follows. Three independent
variables were used, i.e., family income, education level, and occupation prestige score. For example,
if a subject i has a profile such as (family income 10, education level 2, prestige score 5), we assume
that his theoretical class identification is 10＋2＋5－2＝15 based on Corollary 1. We computed all
theoretical prediction of class identification for all possible patterns of combinations of ranks, i.e.,
sample size×6 (patterns of occupation rank)×26 (patterns of income rank).
Third, we computed the correlation coefficient between the theoretical class identification prediction
from the generalized FK model and the observed class identification data collected by the SSM sur-
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veys. As mentioned earlier in this paper, the SSM survey asks respondents to locate their subjective
class identification into five categories: Upper, Upper Middle, Lower Middle, Upper Lower, and
Lower Lower.
In the following tables, the numbers in each cell indicate the correlation coefficient between the ob-
served class identification from data and the theoretical prediction of the model. Rows correspond to
number of rank divisions for occupational prestige while columns correspond to the number of rank
divisions of household income.
Table 1 Correlation coefficients for the theoretical class identification predictions of the model and the observed data
from the 1955 SSM (males).
Number of ranks of household income











































Table 2 Correlation coefficients for the theoretical class identification predictions of the model and the observed data
from the 1965 SSM (males).
Number of ranks of household income










































































































































































Table 3 Correlation coefficients for the theoretical class identification predictions of the model and the observed data
from 1975 SSM (males).
Number of ranks of household income
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Table 4 Correlation coefficients for the theoretical class identification predictions of the model and the observed data
from the 1985 SSM (males).
Number of ranks of household income










































































































































































Table 5 Correlation coefficients for the theoretical class identification predictions of the model and the observed data
from the 1995 SSM (males).
Number of ranks of household income










































































































































































Table 6 Correlation coefficients for the theoretical class identification predictions of the model and the observed data
from the 2005 SSM (males).
Number of ranks of household income
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For every survey year, the goodness of fit for the generalized model was improved compared with a
model given the homogeneity of rank assumption. Tables show that the goodness of fit was relatively
high in 1955, 1965, 1995, and 2005, but relatively low in 1975 and 1985. The results of our empirical
tests correspond to the findings of statistical analyses in previous studies of social stratification. It is
difficult for the FK model to explain why these historical changes occurred.
5. Conclusion
By applying Lyapounov’s central limit theorem to probability theory, we relaxed the assumptions of
the FK model without loss of generality. In section 2, we succeeded in proving that the assumption of
identical uniform distributions is not a necessary condition for deriving a normal class identification
distribution from the FK model. Furthermore, in section 3, we proved that the FK model does not
have to assume a uniform distribution for each social status dimension in order to derive a normal dis-
tribution. In section 4, we showed that a generalization of the FK model can contribute to the sophisti-
cation of the model and to the improvement of the empirical validity of the model. We should also
emphasize that the FK model can provide a theoretical basis for empirical research on class identifica-
tion. By Corollary 1, we proved the proposition that class identification can be expressed as a linear
combination of social status. In empirical research on class identification, this proposition is a common
implicit assumption when using a statistical model for a linear combination of independent variables.
The FK model provides a theoretical explanation for using an approximation of a linear combination
of social and economic variables when describing class identification. Thus, this theoretical model can
contribute to the development of empirical studies.
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A Model of Class Identification:
Generalization of the Fararo-Kosaka Model using Lyapounov’s Central Limit Theorem
ABSTRACT
The purpose of this paper is to generalize the Fararo-Kosaka model by applying
Lyapounov’s central limit theorem to strengthen the linkage between theoretical and
empirical studies on class identification. The Fararo-Kosaka model is one of the most
significant theories explaining how images of social stratification are generated and un-
der what conditions a distribution of class identification holds a stable form. Yosano
improved the Fararo-Kosaka model and proved that class identification as a random
variable obeys a normal distribution under the assumption that each social status di-
mension obeys an identical uniform distribution. We show that these assumptions can
be generalized by the application of Lyapounov’s central limit theorem and that the
class identification obeys a normal distribution irrespective of the distribution of each
dimension, where Lyapounov’s condition holds. Moreover, we conduct an empirical
test by checking the degree of goodness of fit between predictions from the model and
observed data from a social survey. We show that our method improves the theoretical
universality and empirical validity of the Fararo-Kosaka model.
Key Words: class identification, Fararo-Kosaka model, central limit theorem
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